We construct Darboux transformations for the supersymmetric KP hierarchy. We show that the naive candidate does not work due to the pressure of the odd flows,but its composition does give rise to a meaningful Darboux transformation. We also consider the b inary Darboux transformation for the hierarchy. The iterations of both type of Darboux transformations are briefly discussed.
Introduction
The first supersymmetric KP hierarchy was introduced by Manin and Radul [5] more than a decade ago. Since then, this system has been the subject of extensive studies both from mathematics and physics viewpoint. One of the possible physics applications is its role in two dimensional supersymmetric quantum gravity [1] . There are now many results for ManinRadul's supersymmetric KP (SKP) hierarchy such as the description of its solution space in the framework of the universal super Grassmann manifold [12] , the construction of its additional symmetries [6] and tau functions [7] .
In our previous papers [3, 4] , we constructed the Darboux transformations for the ManinRadul's supersymmetric KdV (SKdV) hierarchy and its reduction. We find that as in ordinary case, Darboux transformation approach is very powerful for solution constructions. The SKdV hierarchies are the reductions of the SKP hierarchy, so a natural task is to construct Darboux transformations for SKP hierarchy. It should be remarked that such generalization is not so straightforward as one may suppose. The reason is that the SKP hierarchy incorporates both even time and odd time flows while the SKdV hierarchy only has the even time flows. Very recently, Araytn et al have pointed out that the natural candidate for the Darboux transformation does not preserve the odd flows [2] .
The purpose of the paper is to present proper Darboux transformations for the SKP hierarchy. It will be argued that although the natural one fails to preserve the SKP hierarchy, we are able to construct a Darboux transformation out of it. We also consider the binary type of Darboux transformation for this hierarchy.
The paper is organized as follows. In the next section, we recall all the relevant facts and formulae for the SKP hierarchy. We also fix our notations and conventions in this section. The section 3 is our main results. We construct both the so called elementary and binary Darboux transformations. We show that while the binary one has a rather straightforward generalization, the elementary one needs to be modified. We discuss the iterations of both type of Darboux transformations briefly. The last section is intended to a discussion of similar results for other supersymmetric KP hierarchies, in particular the Jacobean KP hierarchy of Mulase and Rabin [8] . Two appendices are included to present some details.
Manin-Radul Supersymmetric KP Hierarchy
In this section, we recall the relevant objects which we are working with and fix our notations meanwhile. The proper setting for the SKP hierarchy is the Sato's formulism which we now recall (see [12] [8] [7] ). We consider the algebra X of super pseudodifferential operators in the following form
here the coefficients a n are taken from a supercommutative algebra
where x is an even variable, θ an odd variable,
, and A is a Grassmam algebra of finite or infinite dimensional over C. The superdifferential operator D is given by
We use the usual notations: For any operator L = i a i D i ∈ X , the projections to various orders are represented by
and the super residue is Res(L) = a −1
We also follow the convention: parentheses is intended to indicate that an operator has acted on an argument and juxtaposition of operators to indicate an operator product. The parity of a super quantity s is denoted by |s|, i.e., if the quantity is even, |s| = 0, otherwise |s| = 1.
To work with binary Darboux transformation, we need the adjoint operation * , which is defined as
The basic objects are the supervector fields on Y which are
the action of ∂ n on an object f is sometimes written as f tn . They satisfy the following nonabelian Lie superalgebra
where [·, ·] denotes the usual communtator and {·, ·} the anti-communtator. Now we introduce Sato's operator
where the parity of the field w n is given by (1 − (−1) n )/2, i.e., w 2k are even and w 2k−1 are odd, so that W is a homogeneous even operator. Sato's equation for the SKP hierarchy is given by
To get the Lax formulation of the SKP hierarchy, we dress the operator D by W
L is our Lax operator and the Lax representation of the SKP hierarchy reads as
The essential ingredients in our consideration are the wave functions, which are solutions of the following equations
where P n and Q n are defined in terms of the dressing operator W as follows
and accordingly we also have their adjoint counterparts
The third equivalent formulism of the SKP hierarchy is the Zakharov-Shabat form [12] , which can be regarded as the compatibility condition of the linear systems (6)
Darboux Transformations
In this section, we discuss the Darboux transformations for the SKP hierarchy. We first consider so called elementary Darboux transformation. We will see that the naive candidate does not qualify as a proper one, but by examining the failure we show how to remedy it and obtain a meaningful Darboux transformation. The iteration of such transformation leads us to super 'Wronski' determinant representation for th e solution of the SKP hierarchy. This is the generalization of the one found by Ueno et al [12] in the framework of the universal super Grassmann manifold.
Next we discuss the binary Darboux transformation. We show that unlike the elementary one, the binary Darboux transformation does enjoy a straightforward generalization. As in the SKdV case, the iteration of such transformation provides us the solution of the SKP hierarchy in the form of super Gramm determinants.
Elementary Darboux Transformations
The obvious choice for gauge operator would be
where Φ is an invertible wave function of the linear system (6) . Indeed, as shown in previous papers [3, 4] , this very operator supplies us the Darboux transformation for the SKdV equation.
With the operator T (10), let us now define a new function viâ
since
and
Therefore, we have
thenχ will satisfŷ
now if we define the transformed P n asP n = (T P n T −1 ) + we see that it is still a differential operator as we expected. This is of course not surprising at all according to our experience for the SKdV case [3, 4] . Let us now examine the odd time evolution and see what will happen. Since
with this at hand, we calculate
So we might defineQ n = (T Q n T −1 ) + . Now it is observed though the transformed operatorQ n is still a differential operator, the flows will not be preserved: τ n → −τ n . This fact can be seen on the level of Sato's equation more clearly. We define a new candidate for the Sato's operator as fellowŝ
then the even time evolution iŝ
therefore, the new defined Sato's operatorŴ does satisfy the transformed equation. Let us calculate the odd time evolution for theŴ
so it does not preserve the odd flows. On the level of Lax equation, this point is noticed in [2] . It should be clear that the invalidness of the transform (11) is due to the fermionic character of the operator T . Although the transformation (11) we just proposed does not qualify as a proper Darboux transformation, we can build a transformation which does preserve both even and odd flows. The idea is that the single step of the transformation preserves the even flows but changes the odd flows in the way τ n → −τ n . Therefore, we do successively two steps of such transformation which do preserve the odd flows as well. Now we state one of our main results:
Proposition 1 Given two distinct solutions of the system (6) θ 0 (even) and θ 1 (odd), we construct an operator
where the coefficients α and a are given in terms of θ 0 and
with the matrices F andF are defined as
and sdet means the superdeterminant. Then
solves the transformed Sato's equation
and the new fields are related with the old ones as follows
where α and a are given by (16).
So in the SKP case, the proper elementary Darboux transformation is generated by the operator T e , which itself is a compound one. This Darboux transformation can be iterated and the solutions can be formed in terms of super 'Wronski' determinants as in super KdV case.
Proposition 2
where the coefficients a i of the operator T e [n] are given by solving the linear equations
To obtain the explicit transformations between fields, one has to solve the linear algebraic system (20) first, then compare the coefficients of the different powers D i of the equation (19) 1 . The system (20) can be solved easily as we did in [3, 4] . To this end, we introduce new variables
. . .
so that the linear algebraic system (20) can be reformed as
where
Then, we obtain
where the matrix W (j) i is the W (j) with its i-th row replaced by b (j) , the matrix (DW (1) ) i is the matrix DW (1) with its i-th row replaced by b (1) and the matrix (DW (0) ) i is the matrix DW (0) with its i-th row replaced by b (0) .
By considering the equation (19), we obtain the general formulaê
with w 0 = a 2n = 1 and the a i are given by (22-23) and
where · · denotes the superbinomial coefficients.
Binary Darboux Transformation
Now We come to construct the binary Darboux transformation for the SKP hierarchy. For an eigenfunction Φ and an adjoint eigenfunction Ψ satisfying the linear system (6) and (8) respectively, we may define a potential operator as follows
where we choose Φ as an even quantity and Ψ as an odd one, so that our potential operator Ω is even.
By lengthy calculation, one can show that Ω is well defined, i.e., the equations (26) are consistent. We present this calculation in Appendix A Now in term of the potential operator Ω, we introduce the gauge operator
where we assume the invertibility of Ω. The formal inverse of T is
With all these at hand, we introduce a transformation
As argued in [9] , to qualify a Darboux transformation, a necessary condition on T is
This indeed is the case. The verification is found in Appendix B.
The dressing operator W is transformed intô
we now show that the transformed Sato's operatorŴ solves the Sato's equation. Indeed, we haveŴ
Therefore, the transformed Sato's operator indeed is the solution of Sato's equation. The transformation on the Lax level can be easily obtained aŝ
and it is found that theL satisfies the transformed Lax equation
indeed, we haveL
We summarize above result as Proposition 3 Let Φ be an even solution of the system (6) and Ψ be an odd solution of the system (8), let Ω be defined by (26). ThenŴ
with T given by (27) is a new Sato's operator. The explicit transformations between the fields areŵ
The binary Darboux transformation can be iterated. To do this, we need to consider the effect of this transformation for adjoint wave functions. It is indeed not difficult to find they are transformed as followsη
Another important fact is the following
then as in the pure bosonic case [10] , by iterations of the binary Darboux transformation leads to the following result Proposition 4 Let Φ i (i = 1, 2, · · · , n) be n bosonic solutions of (6) and Ψ i (i = 1, 2, · · · , n) be n fermionic solutions of (8), let G = (Ω(Ψ i , Φ j ))be a Gramm type of matrix and G j be the matrix G with its i-th row replaced by (Φ 1 , · · · , Φ n . Define
Then the new Sato's operator is given byŴ
From (32) we obtain the explicit transformation on the level of fieldŝ
Discussions
In this paper, we construct the Darboux transformations for the Manin-Radul SKP hierarchy. We also state the results of iterations of these transformation. While there exists another supersymmetric generalization named as Jacobian SKP hierarchy [8] apart from the ManinRadul's one, one may ask if the similar results can be obtained for it. It is not difficult to see that the Darboux transformations we constructed for Manin-Radul SKP hierarchy are also valid for the Jacobian one. Only restriction here is that we have to work within the Sato's equation, since it is the only representation for this hierarchy.
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Appendix A We first list some useful identity (see also [11] )
where Λ is an arbitrary super pseudodifferential operator and Λ i are assumed as arbitrary super differential operators. These identities can be verified easily. First we show
Indeed,
Thus, we have
where in particularly we have used the identity (A.6) twice with Λ 1 = ΨP n , Λ 2 = P m Φ and Λ 1 = ΨP m , Λ 2 = P n Φ, respectively. Therefore, (A.7) holds. Next we prove
To this end, we calculate
Thus,
i.e., (A.8) is an identity. Again, we used the formula (A.6) with Λ 1 = ΨP n , Λ 2 = Q m Φ and
we obtain
Thus we conclude that the Ω given by (26) is well defined.
On the other hand, the right hand of the equation (30) 1 is calculated as
where the identities (A.2) and (A.5) have been used. Therefore, we prove (30) 1 . Above we verified that the equation holds for the even flows. We now turn our attention to the odd flows, i.e., verification of the equation (30) 2 .
Thus by using (A.2) we have
We complete whole verification.
